First International Conference on Emerging Trends in Engineering, Management and Scineces”
December 28-30, 2014 (ICETEMS-2014) Peshawar, Pakistan

An FEM-BEM Interactive Coupling for Modeling Smart Structural Health
Monitoring Systems
A. A. Shah
Professor and Chairman, Department of Civil Engineering, Sarhad University of Science and
Information Technology Peshawar, KPK, Pakistan
hod.civil@suit.edu.pk, drabidali@gmail.com
O. Tariq
Lecturer, Department of Civil Engineering, Sarhad University of Science and Information Technology
Peshawar, KPK, Pakistan
U. Amjad
Lecturer, Department of Civil Engineering, Iqra National University Peshawar, KPK, Pakistan
H. Afridi
Consulting Engineer, DECON Engineering Consultants Peshawar, KPK, Pakistan

Abstract
In this research modeling of piezo-electric smart structural health monitoring systems is presented. The
work is aimed at determining the actuation effects being transferred from the actuators to the host and the
resulting overall structural response. To obtain the amount of these actuations, the system of the host
structure and an actuator has been modeled by using coupled finite element boundary element method in
frequency domain. The host structure, which is assumed as an isotropic elastic solid region is modeled as a
half space. The piezoelectric ceramic region is modeled by the 3-D finite element method, while the elastic
half space with boundary element method. Finite element model of piezoelectric ceramic and boundary
element model of the elastic half space are coupled together at their interface such that the vibrations of the
piezo-actuator induce vibrations in the elastic half space. The numerical results show that high jump in
magnitude of horizontal displacements at the corners of the actuator attached to the structure occurs, which
is an indication of high stress concentration, of the shear stress type at the corners. The presented work is a
step towards modeling of structural health monitoring systems.
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1. Introduction
In recent years, structural health monitoring (SHM) has emerged as a concept in the broader field of
investigation of smart structures (Noor, 2000; Staszewski et al., 2004). Structural systems are usually
described as smart when they are able to sense and adapt their response to changing operational or
environmental conditions. Their development relies on the integration of sensors and actuators with the
structure and on the combination with appropriate electronics, modeling and control algorithms. SHM

systems exploit such features to detect the occurrence and location of damage which may affect the
performance and reliability of the structure. While conventional non-destructive inspection procedures
investigate directly for damage at scheduled intervals applying the appropriate technique, in situ SHM
systems are generally based on the real time comparison of the local or global response of the damaged
structure with the known response of the undamaged one.
In piezoelectric structural usage and health monitoring systems, the monitoring is performed through a
network of suitably arranged piezoelectric sensors, some physical variables and fields, such as strain,
vibration, electrical conductivity and acoustic emission, which may be affected by the changes of material
and geometrical conditions in proximity of the damaged area. This system has an advantage of the direct
piezoelectric effect, which refers to the generation of an electric displacement field as a consequence of a
mechanical load. As a result it is able to sense structural deformation and signal it through a variation of
voltage or rate of variation of voltage (Chopra, 2002).
Piezoelectric materials are among the most widely used smart materials because of their reliability and
sensitivity (Lin, 2011). Their common use as sensors/actuators in smart structures is also due to their fast
response and low energy consumption (Deng and Wang, 2002). A piezoelectric actuator usually consists
of two main components (Juuti et al., 2005): a mechanical part, which is a flexible structure, and an
electrical part, which is the piezoelectric material block. One of the important issues of using piezoelectric
actuator is to improve their performance for a certain amount of piezoelectric material, which is the goal of
piezoelectric actuator design. Since the mechanical part of flextensional actuators is actually a compliant
mechanism, piezoelectric transducer (Li et al., 2001) and thermal actuators (Yoon et al., 2005) have been
also designed using topology optimization technique. This topological design optimization was able to
generate effective mechanical structure that greatly improved the performances of the piezoelectric
actuator.
Piezoelectric actuator has been increasingly used in MEMS system due to its advantage of generality and
flexibility. A flextensional actuator consists of a piezoceramic device, which can convert electrical energy
into mechanical energy and vice versa, and a flexible mechanical structure, which can convert and amplify
the output piezoceramic displacement in the desired direction and magnitude (Yoon et al., 2004). A recent
research in this area is optimizing the topology of the mechanical part while fixing the electrical part (Yoon
and Sigmund, 2008). There have also been design optimization techniques developed for the electrical part
of piezoelectric actuator. The placement and size of piezo-material was optimized (Main et al., 1994). In a
recent research, the distribution of piezoelectric material in the optical MEMS was optimized (Gabbert and
Weber, 1999).
With reference to the research in (Mackerle, 1999), for modeling of sensors and actuators frequently
boundary element method (BEM) based formulations have to be coupled with finite element method (FEM)
formulations. Because each method performs better than the other in some domains or some parts of the
same domain. Therefore, a combined approach could be both accurate and efficient for a large class of
problems. For example, problems with high stress gradient regions could be modeled using BEM while
FEM could be used for the rest of the structure. Zhang et al. (2003) analyzed the problem of a piezoelectric
layer bonded to an elastic substrate, considering the full coupling between electrical and mechanical fields.
Ali et al. (2004) developed an analytical model for constrained piezoelectric thin film sensors and applied
the model to the analysis of the problem of detection of subsurface cracks (Ali et al., 2005). An analytical
solution for the coupled electromechanical dynamic behavior of a piezoelectric actuator bonded to an
infinite orthotropic elastic medium has been developed by Huang and Sun (2006). The earlier efforts at
integrating boundary elements and finite elements have been problematic and inefficient due to the
unsymmetrical nature of the boundary element method. This process becomes even more cumbersome in a
typical assembly process. When the different parts of a structure are modeled independently of each other
in a sub-domain format, it is important to keep account of the fact that the nodes at the interfaces match
exactly (Brebbia and Georgiou, 1979; Eberhardsteiner et al., 1993; Jeans and Matthews, 1999).
This paper is concerned with the development of a three dimensional numerical model for the dynamic
interaction of a piezoelectric ceramic bonded on the surface of a semi-infinite elastic domain. In this
numerical technique finite element method is implemented for the modeling of the piezo-actuator and
boundary element method for the semi-infinite isotropic elastic domain. The model considers dynamic

interaction of the two materials in frequency domain. This method is usually used to solve the problems
which deal with sort of coupling or interaction of two media because both FEM and BEM are very powerful
numerical tools the coupling of which have the advantage of modeling the complex piezoelectric materials
economically and reliably.

2. FEM-BEM formulation and Coupling
Some material usually ceramics have a property called piezoelectricity (Gao et al., 2000). If stress is applied
to such material, it will develop an electric moment proportional to the applied stress. This is the direct
piezoelectric effect. Conversely, if it is placed in an electric field, a piezoelectric material changes its shape
slightly. This is the inverse piezoelectric effect. Ceramics manufactured from lead zirconate/lead

titanate group exhibit greater sensitivity and higher operating temperatures, relative to ceramics of
other compositions, and "PZT" materials currently are the most widely used piezoelectric ceramics.
Fig. 1 shows this property in a cylindrical piezoelectric material.
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Figure 1: The Piezoelectric effect in a cylindrical body of piezoelectric ceramic (a) no load,
(b) compressed, (c) stretched, (d) shorten, (e) lengthen, and (f) grow and shrink (Yang, 2005)
The constitutive equations of the piezoelectric materials are given by

τ ij = C ijkl S kl − ekij E k ;

(1)

Di = eikl S kl + ε ik E k ;

(2)

where C is the elasticity matrix for constant strain, ε is the matrix of dielectric constants for constant
mechanical strain, e is matrix of piezoelectric constants, and τ , S , E and D are vectors of stress, strain,
electric field and electric displacement, respectively. In the finite element formulation, the displacement

field {u} and the electric potential Ø over an element are related to the corresponding node values {ui} and
{Øi} by the means of the shape functions [Nu ], and [NØ ], as indicated by equations (3) and (4).

Therefore, the strain field

{u} = [N u ]{u i };

(3)

φ = [N u ]{φi };

(4)

{S} and the electric field {E} are related to the nodal displacements and

potentials by the shape functions derivatives [Bu] and [BØ] defined by

{E} = − ∇ [N φ ]{φi }= − [Bφ ]{φi } ;

(5)

{S } = [D][N u ]{u i }= − [Bu ]{u i } ;

(6)

where ∇ is the gradient operator, D is the derivation operator and {ui } = {ux1 uy1 uz1 ux2 uy2 uz2 … ux20
uy20 uz20} is the vector of nodal displacements for 20-node quadratic 3-D element as shown in Fig. 3 (Bathe,
1996; Cook et al., 2002).

Figure 2: A 20-node element
In boundary element method (BEM) (Brebbia et al., 1984), for frequency domain elastodynamics, we
establish a relationship between the values of the displacements and the surface tractions on the boundary
Γ. To do so a numerical integration has to be done over the boundary Γ an elastic body Ω (see Fig. 3).

Figure 3: The domain Ω with surface Γ and outward unit normal

Eq. (7) shows the displacement fundamental solution for an elastic, homogeneous and isotropic continuum
in frequency domains for infinite medium.

U i ( x, y ) =

1  e ikT r 1
+ 2
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(7)

where ks, kp are shear wave number and pressure wave number, respectively and r is the distance between
the source point y and the field point x.
For BEM integral formulation in frequency domain, Betti Reciprocal Theorem is considered to formulate
the following relationship.
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Similarly, the BEM formulation for a single collocation node with the coordinate x is written as:

NE 


C ( x )U i (ω ) + ∑  ∫ P * ( xi , ω ; y )Φ j ( y ) dΓ j U i (ω ) =
j = 1 Γ j


;
NE 

 *

 ∫ U ( xi , ω ; y )Φ j ( y ) dΓ j  Pj (ω )
∑
j = 1 Γ j



(9)

where NE is the number of boundary elements in the domain. Ui (ω) are the complex amplitude of
displacement at xi. The N matrix equations for each of the collocation nodes in the BE domain may all be
assembled into a single, global matrix equation for the entire domain (Brebbia, 2006) as

(C + H ) U = GP ;

(10)

Eq. (10) can be simplified as expressed by Eq. (11):

H U = GP ;

(11)

considering that

(

)

 
H = C+H ;

(12)

Eq. (12) is usually referred to as the basic formulation for boundary element system in matrix form,
before any boundary conditions are taken into account.
Coupling of BEM and FEM is established to develop a combine relationship, which is applied to compute
the actuation effect of a piezo-actuator on a body. FEM-BEM method is very effective when the size of the
piezo-device and the host structure are very different as shown in Fig. 9 (a) for the two dimensional case.
From Fig. 9 (b) it is clearly observed that for such a problem the required elements number becomes so
high that does not justify meshing the whole domain and hence using FEM in the first place. In Fig. 9 (c)
finite element model of piezo-actuator and boundary element model of the host structure are coupled
together. Fig. 10 shows the FEM and BEM regions, which were combine together and analyze through the
system of equations, as discussed above, using FE and BE approaches.
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Figure 9: Piezo-device and the host structures (a) piezo-device attached on the surface of the host
structure, (b) piezo-device and the host structure modeled by FEM, and (c) piezo-device and the host
structure modeled by FEM-BEM
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Figure 10: FEM-BEM region

In order to consider this region similar to a finite element region, the Eq. (12) is modified as:

G −1 H U = P ;

(13)

Next, considering M as a tensor which transforms the vector of nodal tractions of the whole system to that
of nodal forces and multiplying both sides of Eq. (24) by M, we obtain the following equation:

MG −1 H U = MP ;

(14)

or simply

K 'U = f ;

(15)

where K ' = MG −1 H and f is the vector of nodal forces. Eq. (15) is similar to the finite element system of
equations and thus boundary element region can be assumed as one super finite element and fed into the
existing finite element system of equations.

3. Numerical Results
3.1 Surface-bonded PZT-4 actuator on steel half-space
In this example a 6×6×4mm piezoelectric patch of the transversely isotropic PZT4, working as a
piezoelectric actuator is attached on the surface of a steel medium as shown in Fig. 13.

Figure 13: Surface bonded piezo-actuator on the steel medium

The poling direction of the actuator is along its thickness. A voltage (V) between the upper and the lower
electrodes of the actuator is applied which results in an electric field with frequency of f along the poling
direction of piezo-actuator. The medium is assumed as a half-space and it has been modeled by 298
boundary elements as in Fig. 14.
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Figure 14: BEM half-space mesh to model steel domain

The piezo-actuator has been modeled by three and two elements in the plate’s length direction and thickness
direction respectively and it is placed at the middle of the half space mesh as indicated with green color in
Fig. 14. Fig. 15 shows the FEM mesh to model the piezo-actuator using 9 finite elements.

Figure 15: FEM mesh to model piezo-actuator

The nonzero elastic, piezoelectric and dielectric constants of PZT4 (Rouquette et al., 2004) are:

C11 = C 22 =139 GPa
C12 = 77.8 GPa
C13 = C 23 = 74.3 GPa
C33 =115 GPa
C 44 = 30 GPa
C55 = C66 = 25.6 GPa

,

e13 = e23 = − 5.2 C m 2
e33 =15.1 C m 2
e52 = e61 =12.7 C m 2

,

ε 11 = ε 22 =13.06 ×10 −9 F m
ε 33 =11.51×10 −9 F m
ρ = 7800 kg m 3

The host structure on the other hand is made of steel with the Young modulus of E = 0.2×1011 kg/m2 and
Poisson ratio of v = 0.29 or the pressure wave velocity of Cp = 5900 m/s and shear wave velocity of Cs =
3200 m/s and density of ρ = 7900 kg/m3. The piezo-actuator is connected to harmonic electric potential of
V = 300 2 Exp (5024000 i t ) .
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Figure 16: Displacement in plate with 4mm thickness (a) real part at x direction, (b) imaginary part at
x direction, (c) real part at y direction, (d) imaginary part at y direction, (e) real part at z direction, and
(f) imaginary part at z direction
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Figure 17: Displacement in x direction (a) real part, and (b) imaginary part
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Figure 18: Displacement in y direction (a) real part, and (b) imaginary part
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Figure 19: Displacement in z direction (a) real part, and (b) imaginary part

3.2 Surface-bonded PZT-5H actuator on steel (circular half-space)
In this example a 6×6×4mm piezoelectric patch of the transversely isotropic PZT-5H, working as a
piezoelectric actuator is attached on the surface of a steel medium. The poling direction of the actuator is
along its thickness. A voltage (V) between the upper and the lower electrodes of the actuator is applied
which results in an electric field with frequency of f along the poling direction of piezo-actuator. The
medium is assumed as a circular half-space and it is modeled by 489 boundary elements. The piezo-actuator
has been modeled by nine finite elements, three elements in the length direction and one element in the
thickness direction. The material properties of the PZT-5H (Liu et al., 2000) are as follows:
Elastic, piezoelectric and dielectric constants of PZT-5H

C11 = C 22 =126 GPa
C12 = 79.5 GPa
C13 = C 23 = 84.1 GPa
C33 =126 GPa

,

C 44 = 23.3 GPa

e13 = e23 = − 6.5 C m 2
e33 = 23.3 C m 2
e52 = e61 =17 C m 2

C55 = C 66 = 23 GPa

,

ε 11 = ε 22 =1.503×10 −8 F m
ε 33 =1.3×10 −8 F m
ρ = 7800 kg m 3

The second medium is made of steel with the Young modulus of E = 0.2×1012 GPa , and Poisson’s ratio of
v = 0.29 and density of ρ = 7900 kg/m3. The piezo-actuator is connected to the time harmonic electric
potential of 1 kV and frequency of vibration of 590 kHz. Distribution of induced displacement field in
horizontal and vertical directions on the surface of the circular half space steel medium are shown in Fig.
20.
In this example, since the BEM half space is modeled by circular area, the wave propagation is circular.
Unlike the previous example, which shows that although the actuator is in rectangular shape but the wave
propagation becomes circular when it takes distance from the actuator. Fig. 20 shows high values of
displacements on the half space at the corner of actuator.
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Figure 20: Displacement in plate with 4mm thickness ( a) real part at x direction, (b) imaginary part at x
direction, (c) real part at y direction, (d) imaginary part at y direction, (e) real part at z direction, and (f)
imaginary part at z direction

4. Conclusions
In this research the coupling of finite element and boundary element for the interaction of a piezoelectric
material and an isotropic elastic solid in frequency domain has been performed successfully. The results of
this numerical modeling show high jumps in horizontal displacements of the half-space at the corners of
the interface between the actuator and the elastic solid medium, which show that the high stress
concentration occurs at the corners. The results further indicate that the displacement field induced by a
piezo-actuator depends on the thickness of the actuator and for the thicker actuator we have smaller values
of displacement induced in the host structure. The presented work will serve as a useful step towards
modeling of structural health monitoring systems.
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